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We investigate how entangled states can be created by considering collections of point-particles arranged at
different spatial configurations, i.e., Fock states with spatial constraints. This type of states can be realized in
Hubbard chains of spinless hard-core bosons, at different fillings, which have gapped energy spectrum with a
highly degenerate ground state. We calculate the bipartite entanglement entropy for superpositions of such Fock
states and show that their entanglement can be controlled via the spatial freedom of the particles, determined
by the system filling. In addition we study the effect of confinement/boundary conditions on the Fock states
and show that edge modes appear at the ends of the system, when open boundary conditions are considered.
Our result is an example of entangled many-body states in 1D systems of strongly interacting particles, without
requiring the spin, long-range microscopic interactions or external fields. Instead, the entanglement can be tuned
by the empty space in the system, which determines the spatial freedom of the interacting particles.
I. INTRODUCTION
Many-body systems often exhibit novel properties, due
to the collective behavior of their many interacting compo-
nents that self-organize in unique ways. As it is usually
quoted, a many-body system is more than just a sum of its
individual parts. This extra ingredient due to collectiveness
that is difficult to extract reductively, can lead to extraor-
dinary phenomena, such as, the fractionalization of the el-
ementary electron charge in the fractional-quantum-Hall ef-
fect1,2. Other celebrated examples where many-body inter-
actions lead to measurable consequences are, superconduc-
tivity and spin liquids3,4. During the last decades, it was re-
alized that not all quantum phases of matter, due to many-
body interactions, can be described by the well known Lan-
dau symmetry-breaking theory of phase transitions, which in-
volves local order parameters characterizing different phases
of matter. For example, the superfluid phase of a spin liq-
uid and the fractional-quantum-Hall phase, possess proper-
ties like long-range spatial correlations related to quantum
entanglement5–16. This reveals that in certain cases, quan-
tum many-body systems can exhibit richer self-organization
phenomena, than their classical counterparts, due to strong
quantum correlations present. For example, entanglement is
a crucial mechanism, when examining topologically ordered
phases6,17–21, that occur in gapped quantum many-body sys-
tems, whose ground state is is highly degenerate. Topological
order leads to robust states that have been demonstrated to be
useful in fault-tolerant quantum computation. The realization
that such quantum phases of matter can exist, which do not
obey the traditional Landau theory, opens a huge field for the
investigation of other types of entangled phases, not neces-
sarily topological in nature. In order to quantify the strength
of the entanglement in many-body systems, several measures
can been used, like the entanglement entropy and the entan-
glement spectrum18,20–24. Some studies of entanglement and
relevant topological features in Hubbard models have been
studied in25–30.
In this paper we investigate the many-body orders in the
ground state of strongly interacting spinless particles confined
in 1D. We consider superpositions of many-body Fock states
with spatial constraints, or equivalently, collections of point-
like(localized) particles arranged at different spatial configu-
rations. The many-body orders of these states are determined
by the spatial freedom of the particles according to the system
filling. These states can be realized in spinless Hubbard chains
of hardcore bosons with strong short-range interactions. In the
ground state of this system the particles arrange in Fock states
that minimize the energy of the system, thus giving many de-
generate or nearly degenerate many-body ground states that
are energetically isolated from the other states of the system.
We calculate the spatial quantum correlations that are created
when the system is in a superposition of suchmany-bodyFock
states. By splitting the system in two partitions we calcu-
late analytically and numerically the reduced density matrix
and the bipartite entanglement, which is a way to quantify the
many-body correlations6,7. Using this method, we show that
the strength of entanglement varies according to the spatial
freedom of the particles determined by the system filling. In
addition edge modes appear at the ends of the system, when
open boundary conditions are considered, that can be corre-
lated with each other due to the entanglement. In overall, we
demonstrate a simple mechanism to create entangled states in
the charge density (CDW) limit of many-body systems, with
controllable entanglement strength.
II. SUPERPOSITIONS OF FOCK STATES WITH SPATIAL
CONSTRAINTS
For our study, we consider collections of point-
like(localized) particles arranged in different spatial config-
urations. A few examples of such states can be seen in Fig.
1(a). These states are known also, as charge density wave
states that can carry collectively charge current through the
system. The following spatial constraints in the self organi-
zation of the particles are assumed. Firstly, only one particle
is allowed per site in an 1D chain of empty sites, as in Hub-
bard models of hard-core bosons. Following this rule there are
many different ways to arrange the particles, according to the
empty space in the system. If no interaction between the par-
2ticles is assumed, then all the possible configurations allowed
will occupy the same energy E=0. In order to split energet-
ically these configurations, we can add an additional spatial
constraint, a nearest neighbor interaction between the parti-
cles. This can be expressed by a Hubbard-like Hamiltonian
term in a chain with M sites,
HU = U
M−1∑
i=1
nini+1 (1)
where ni = c
†
i ci is the number operator, with ci, c
†
i being
the creation and annihilation operators for spin-less particles.
The interaction strength U can be either positive or negative
for repulsive or attractive interaction, respectively. The par-
ticles interact with strength U only when they are occupying
neighboring sites in the chain. We consider that the Hubbard
chain terminates at sites 1 and M with hard-wall/open bound-
ary conditions. The ratio of the number of particlesN over the
number of sites in the Hubbard chainM , determines the filling
f = N/M of the system. We restrict our study on many-body
wavefunctions that are symmetric under exchange of two par-
ticles. In addition we have assumed that the particles cannot
occupy the same quantum state , i.e., only one particle is al-
lowed per site (ni can be either 0 or 1). This is the case of
the hardcore bosons31–34 that can be realized in cold atom and
helium-4 systems experimentally35–37. The hardcore bosons
satisfy the commutation relation [ci, c
†
j ] = (1 − 2ni)δij . In
order to characterize the many-body states in the text we use
1(0) to denote occupied(unoccupied) sites of the Hubbard
chain. Schematically we represent it with filled(empty) cir-
cles.
In the rest of the paper we focus on the repulsive interac-
tion case U > 0, although we present some brief analysis of
the attractive interaction case U < 0 in section V. The eigen-
states for U > 0 and f ≤ 1/2 are determined by the possi-
ble Fock microstates that correspond to the discrete energies
E = 0, U, 2U, ..., (N− 2)U, (N − 1)U . Each energy contains
states with different microstructures.
In overall we can see that the interaction between the par-
ticles splits the Hilbert space of the non-interacting system
(U=0) that contains all possible Fock states, in subspaces con-
taining states according to the different particle configurations
allowed at each energy. For example the first excited states
contain at least one pair of particles at adjacent sites, for ex-
ample the state |10110100〉. This state has energy E = U . In
this paper we focus on the ground states with energy E = 0
where all particles are seperated by at least one empty site,
for example like the state |10101010〉 as shown in Fig. 1(a),
that is, many-body Fock states where neighboring sites can
never be simultaneously occupied. This is valid when f ≤ 1/2
which concerns all the results we present in our paper.
The degree of degeneracy of the Fock states depends the
filling f = N/M , which determines the spatial freedom of
the particles. The number of allowed particle configura-
tions/microstates can be expressed mathematically with fac-
torials via combinatorics, in the binomial form
D(N,M) =
(
M −N + 1
N
)
, (2)
for the states that have at least one empty site between all the
particles.
If there are N particles in a system of M = 2N sites, for
half filling f = 1/2, then from Eq. (2) the number of degener-
ate ground states is N+1. This can be seen in Fig. 1(a) where
we show a schematic representation of the different states for
a half-filled system withN = 4. Below half-filling (f < 1/2),
the particles are spatially less restricted and therefore the num-
ber of ground states increases. As we shall show this degree
of spatial freedom affects the entanglement properties of the
ground state.
The simplest way to construct the respective many-body
wavefunction, is to assume a linear superposition of the de-
generate many-body states,
|ΨG〉 = 1√
D
M1∑
i1=1
N∏
n=2
Mn∑
in=in−1+1
[1− δin,in−1+1]|{i1...in}〉.
(3)
We haveMn = M −N +n while index in denotes the occu-
pied sites in the Hubbard chain. The list
{
i1, ...in
}
has length
N and determines a Fock state |{i1...in}〉. This type of super-
position with equal amplitudes for each microstate is a reason-
ably good approximation when the microstates are degenerate
or nearly degenerate. A similar wavefunction can be used for
describing the states of ferromagnetic spin chains with peri-
odic boundary conditions (PBC)23. In addition Eq. (3) is a
physically acceptable wavefunction for the system described
by Eq. (1) since it results in spatially mirror symmetric parti-
cle density, which can be defined as,
ni = 〈ΨG|ni|ΨG〉. (4)
The wavefunction Eq. (3) satisfies ni = nM−i+1. Eq. (3)
can be thought as an explicit ansatz for the ground state wave
function of Eq. (1).
Other statistical mixtures giving different amplitudes are
also possible instead of Eq. (3). For example, the amplitudes
will be modified when considering a hopping term of the type
Ht = t1
M−1∑
i=1
c†ici+1 + t2
M−2∑
i=1
c†ici+2 + h.c. (5)
in addition to the interaction term Eq. (1), where t1 is a
nearest-neighbor hopping and t2 is a next nearest-neighbor
hopping. Note that in general there will be strong mixture
between the Fock states at E=0 and the excited states, when
adding this type of hopping term.
The effect of a weak first or second nearest hopping on the
ground states of Eq. (1) can be understood perturbatively.
Consider the half filled case. First nearest neighbor hopping
will allow transitions between the Fock states, creating a small
dispersion that will lift their degeneracy. For example, acting
with a hopping term c†6c5 on the ground state |10101010〉 re-
sults in the state |10101001〉, as can be seen in Fig. 1(b).
These degenerate ground states can be thought as the different
sites in a tight-binding chain. A hopping between the sites will
create a dispersion in the energy spectrum of the chain, gen-
erating a band structure, which is equivalent to lifting the de-
generacy of the ground states. On the other hand acting with a
3second nearest neighbor hopping c†i ci+2 on the ground states,
for any i, will result only in excited states, which contain at
least a pair of particles occupying neighboring sites, contribut-
ing energy U, the energy gap that separates them from the
ground states. Therefore the degeneracy of the ground states
will not be lifted when adding weak second nearest neighbor
hopping. Also, the particle configurations for each ground
state will be preserved. Therefore, if the second nearest neigh-
bor t2 is considered only, then the Fock states remain degen-
erate at energy E = 0 for half filling. This mechanism is
demonstrated schematically in Fig. 1(b).
We have verified the above results by applying degenerate
first order pertubation theory. We have found that the energy
of the perturbed system with first nearest neighbor hopping
will be,
EG(j) ∼ E0G + 2t1cos
(
pij
D + 1
)
, (6)
where D is the degeneracy (Eq. (2)) and j is an integer taking
values j=1,2..D, for each of the perturbed ground states. This
is the energy dispersion of a tight-binding chain with D sites
and hardwall boundary conditions. Moreover each of these
perturbed ground states can be written as linear combination
of the unpertubed ones. The amplitudes are given by the corre-
sponding wavefunction for a state j in the tight-binding chain,
|ΨG(j)〉 =
√
2
D + 1
D∑
x=1
sin
(
pijx
D + 1
)
|x〉, (7)
where |x〉 is the lattice site, representing each of the unper-
turbed states |{i1...in}〉 in the linear combination Eq. (3),
running over the degenerate space of dimension D. Both re-
sults above are well known solutions for a XXZ spin chain, to
which our model can be mapped at half-filling38.
In order to check the effect of the hopping term on the
ground state degeneracy, we have calculated the energy spec-
trum of the Hamiltonian including both the interaction term
Eq. (1) and the hopping term Eq. (5), using numerical diag-
onalization, for a system with N=6 and U = 2 and for dif-
ferent fillings. The eigenvalues can be seen in Fig. 2. As we
have argued above, for half-filling (f = 1/2) the degeneracy
is preserved for t1 = 0eV, t2 = 0.1eV while it is lifted for
t1 = 0.1eV, t2 = 0eV . Although the degeneracy is lifted also
for lower fillings (f = 1/3), the energy gap from the excited
states does not close. Note that the hopping we considered
causes mixing of the ground states with the excited states.
In our analysis we consider a superposition of Fock states
described by Eq. (3), which are the ground states of Eq. (1).
We assume that an infinitesimally small hopping (|U | ≫ t),
for example one that does not create clustering of the parti-
cles, will not affect the micro-structures of these states, but
might lift their degeneracy, as we have shown above. As long
as the gap from the excited states at energy E = U does not
close, we can consider these nearly degenerate ground states
as an isolated Hilbert space and study its entanglement prop-
erties by using the wavefunction Eq. (3) or Eq. (7). Our
approach can be thought as a good approximation to estimate
Figure 1. a) The different particle configurations for the ground state
of a half-filled spinless Hubbard chain with nearest neighbor repul-
sive interaction U and four particles (N=4). Open(filled) circles de-
note unoccupied(occupied) sites. These microstates minimize the
system energy forming N+1 degenerate ground states. The system
can be split in two partitions A and B in order to calculate its quan-
tum correlations (entanglement). b) First nearest neighbor hopping
allows transition between the ground states lifting their degeneracy,
unlike second nearest neighbor hopping which preserves it. c) The
microstates for attractive interactions -U and f = 1/2. The stacking
of all the particles minimizes their energy giving N+1 ground states.
the entanglement properties, when spatial restrictions are im-
posed in the self-organization of the particles via different in-
teraction terms. In our case, where a nearest nearest neighbor
interaction term is considered, the major contribution in the
ground state comes from Fock states where neighboring sites
can never be simultaneously occupied (Eq. (3)).
A few notes about the properties of the system we have con-
sidered. If we consider our system as a quantumfluid, then the
encircled areas in Fig. 1a would be incompressible inside each
partition, since bringing two particles on neighboring sites re-
quires overcoming the energy gap U. The half-filled system
can be mapped onto a XXZ chain of spins S=1/238. By us-
ing this analogy we can see that the ground state of our model
contains hidden anti-ferromagnetic order. This can be under-
stood easily by labeling occupied(unoccupied) sites as spin
up(down). Then the spin alternates between up and down, as
in a chain containing anti-ferromagnetic order. This is essen-
tially a consequence of the microscopic rule that there must
be at least one unoccupied site between all the particles. The
idea can be applied to any filling, since we can condense suc-
cessive unoccupied sites into one.
III. ENTANGLEMENT
The entanglement in the charge density wave state limit, is
governed by the different ways the particles organize to form
the ground states. In essence, it could be said, that the quan-
tum superposition of the enumerative combinatorics of the
point-particles, described by Eq. (3), is creating quantum me-
4chanical correlations in the system. Thereforewe can estimate
the entanglement, without diagonalizing the full Hamiltonian
of the system, but by examining the microstructures inside the
CDWS. The advantage of this approach compared to other
methods like numerical diagonalization of the full Hamilto-
nian, is that we can study a relatively larger number of parti-
cles, since the size of the many-bodyFock space is not directly
involved in our calculations.
A well established approach to quantify these correlations
is to split a quantum system in two partitions, say A and B
forming this way a composite system. Then the entangle-
ment between these partitions can be estimated via the re-
duced density matrix of partition A, ρA ≡ trB |Ψ〉〈Ψ| after
tracing out the rest of the system, that is partition B. The el-
ements of the reduced density matrix can be calculated via
ρijA =
∑
k∈B Ψ
∗
ikΨjk, where Ψik =
1√
D
is the amplitude
for each partitioned ground state |ik〉, where i(k) is the cor-
responding microstate in A(B). Moreover the Von Neumann
entanglement entropy can be calculated
SA ≡ −tr(ρAln(ρA)). (8)
The scaling of the entanglement entropy provides information
about the strength of entanglement in 1D quantum systems.
For critical 1D phases it has been shown that the entropy di-
verges logarithmically with increasing the partition size, while
it saturates/converges for non-critical phases5. The logarith-
mic divergence implies stronger entanglement than the con-
verging case.
In the case of half-filling, the density matrix obtains a sim-
ple form that allows the calculation of the entanglement en-
tropy analytically as follows. We start by noticing that each
subsystem A or B is half the size of the full composite sys-
tem, with N/2 particles distributed in N sites. In order to
calculate the element ρ11A of the density matrix, we can fix
the microstate inside A at |1〉 and then count the different mi-
crostates in B. These areN/2+1, as if B was an isolated sys-
tem and we wanted to obtain the number of its ground states.
Then we multiply by the square modulus of the normalization
factor 1√
D
= 1√
N+1
and obtain ρ11A =
N+2
2(N+1) . All the other
elements of the density matrix ρijA for i, j 6= 1 are equal to
1
N+1 , since the rest of the microstates in A appear only once
in the ground state of the composite system. For convenience
we define x1 =
N+2
2(N+1) , x2 =
1
N+1 . Then the only two
non-zero eigenvalues of the reduced matrix ρA are
ρA1,2 =
1
2
(
x1 + ax2 ±
√
(x1 − ax2)2 + 4ax22
)
, (9)
where a = N2 . The entropy of the subsystem A in term of the
eigenvalues of the density matrix becomes
SA = −ρA1 lnρA1 − ρA2 lnρA2 . (10)
At the thermodynamic limit N → ∞ the above eigenvalues
become ρA1,2 = 1/2, resulting in the entropy
SA = ln2. (11)
This is the entanglement entropy value for a maximally en-
tangled Bell state of two spins in the singlet state. The conver-
gence at the thermodynamic limit implies semi-local correla-
tions, that result in weak entanglement as in the non-critical
phases of XY spin chains5. This result agrees with the numer-
ical calculation of SA versus N using the ground state Eq. (3)
, shown in Fig. 3(a) , where the dashed line is the analytical
result Eq. (6). Also, we have plotted SA using the amplitudes
of Eq. (7) for the lowest energy state with j = D, shown as
empty circles, which gives the same result as the j = 1 case.
At the thermodynamic limit both cases, converge to the value
SA = ln2.
Note that the steps above are valid for even number of parti-
cles N, half of which go at each partition. Following a similar
method we can derive that SA = ln2 for odd N also.
The origins of the weak entanglement can be understood as
follows. We could imagine the partitions A and B, as two iso-
lated many-body systems. Each one is half the size of the full
composite system, with N/2 particles distributed in N sites.
As for the full system, the ground states of each partition are
determined by the different microstates that minimize the en-
ergy, which requires that there must be at least one empty site
between two particles. These states form the Hilbert space
HA(B)G of each isolated partition. The short range interac-
tion plays an important role at the boundary between A and
B, when they are put together to form the full system. As an
example consider the system shown in Fig 1(a). Each par-
tition contains two particles and four sites. When we form
the ground state of the full system, the combinations of states
|1001〉|1010〉, |1001〉|1001〉, |0101〉|1010〉 and |0101〉|1001〉
have to be excluded. In other words, the ground state Hilbert
space of the full system HG is not simply the tensor product
of the individual spaces of A and B, that is,HG 6= HAG⊗HBG .
The two partitions become weakly entangled, due to the local
particle interaction at their boundary.
In Fig. 3(a) we show the SA for lower fillings (f =
1/3, 1/4) calculated numerically using the ground state Eq.
(3). For all these cases SA diverges logarithmically, as in the
critical phases of XY spin chains5,11, implying stronger en-
tanglement than f = 1/2. The same logarithmic behavior is
observed if we use Eq. (7) to calculate SA (for j = 1 and
j = D), represented by empty triangles in Fig. 3(a). This
is an indication of the larger complexity of the particle con-
figurations due to the larger spatial freedom compared to the
half-filling. We remark that for f < 1/2, the particle number
at each partition is not conserved. Therefore we cannot form
the ground state Hilbert space of the full system HG as a ten-
sor product of the individual spaces of two isolated partitions
A and B, even if we remove the interaction at the boundary
between them, unlike the half-filled case. This means that we
cannot completely remove the entanglement with local opera-
tions, which is another indication of the strong entanglement,
that induces long-range spatial correlations.
The different entanglements are related to the spatial free-
dom of the particles at the respective fillings. In a low filled
system we can freely add an additional particle without requir-
ing more energy, as long as there is at least one unoccupied
site between it and the rest of the particles. This way we can
5fill the empty space of the system with Int[(M + 1)/2− N ]
particles (for even M) that will go at the ground state without
affecting it’s energy, or the gap from the excited states. In this
sense, the low fillings in our model correspond to a transition
towards a superfluid phase39, i.e. the system at low fillings
lies in a critical regime. This could explain the logarithmic di-
vergence of the entanglement entropy with the partition size,
which occurs in general at the critical regime of 1D many-
body systems. In the half-filled case on the other hand the
system lies in a Mott insulating phase, since we cannot add
an additional particle without exciting the system. Therefore
the different scaling behavior of the entanglement entropy for
the half-filled and low filled cases, is related to the different
phases the system lies at these fillings.
Note that a logarithmic divergence of the entropy is also ex-
pected when U=0, i.e., by removing the spatial constraint of
an empty site between all the particles, leaving only the hard-
core boson constraint of one particle per site. In this case all
possible spatial configurations are allowed in Eq. (3) , which
will contain the full entanglement of the whole system. How-
ever, our approach allows additional control of the entangle-
ment, due to splitting of the system in isolated Hilbert spaces
that contain different entanglement strengths, according to the
microstructure inside the corresponding Fock states.
Another way to detect the entanglement is by measuring
the purity of the quantum state with density matrix ρ which
can be quantified by Tr(ρ2)35. When Tr(ρ2) < 1 the state is
mixed which means that it is not quantum mechanically fully
consistent and contains statistical fluctuations. When this hap-
pens for the reduced density matrix of a partition of a quan-
tum system, entanglement with the rest of the system is im-
plied. We have found Tr(ρ2A) < 1 for all the fillings studied
(f = 1/2, 1/3, 1/4), which is an additional indication of the
entanglement present in our system.
Our results bear resemblance to topological ordered phases
of matter, which is usually identified through its highly degen-
erate ground state and strong long-range entanglement prop-
erties. However we are not able to obtain both these proper-
ties simultaneously. For example the half-filled system has a
highly degenerate ground state, that is not lifted by a second
nearest neighbor hopping, but lacks the strong entanglement.
On the other hand at lower filling the degeneracy is lifted for
nearest and second nearest hopping, but the entanglement of
these ground states, becomes stronger, as indicated by the log-
arithmic divergence of the entanglement entropy.
In addition we have found that most of the eigenvalues of
the density matrix are doubly degenerate as in the Haldane
phase of spin chains where string order and entanglement are
present11,12,21.
IV. EDGE EFFECTS
In order to obtain additional features of the ground states
we calculate the occupation probability (particle density) for
each site of the Hubbard chain, using Eq. (4).
In Fig. 3(b) we show ni for different fillings and number of
particles N=6,8,10. For the half-filled case we observe fluctu-
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Figure 2. The energy levels for repulsive (U > 0) and attractive
(U < 0) interaction with first (t1) or second (t2) nearest neighbor
hopping. In all cases the ground states are isolated from the excited
states since they are separated by a large energy gap. For repulsive
interaction the ground state degeneracy is preserved only for t1 =
0, t2 = 0.1.
ations of the probability, as expected40 due to the edges act-
ing as impurities causing Friedel oscillations, that are larger
at the two ends of the Hubbard chain. For the lowest fill-
ings (f = 1/3, 1/4) however, the fluctuations smoothen out
in the bulk of the Hubbard chain resulting in uniform density
ni ≈ f .
If order to understand this uniform bulk density we can
avoid the edge effects by applying periodic boundary con-
ditions(PBC) in the system. This can be done by changing
the upper summation limit to M in Eq. (1) and considering
the condition M + 1 → 1. Since we are interested in the
E = 0 states, we must remove the states that contain par-
ticles at the two edge sites of the chain |1010...01〉 as these
will lift the energy of the system by E = U . We can use
Eq. (2) to calculate the number of these states, which is
D(M − 4, N − 2). Therefore the number of ground states
with PBC isDPBC(N,M) = D(N,M)−D(N−2,M−4).
The corresponding particle density can be calculated by notic-
ing that for f ≤ 1/2 every occupied site has to lie between two
empty sites in a state of the type |...010...〉. Therefore, the
density on every site becomes nbulk =
D(M−3,N−1)
DPBC(M,N)
= f ,
at the thermodynamic limit N → ∞, as shown in Fig.
3(b) for low fillings. However when edges are present edge
modes are formed due to the inclusion of the states of the
type |1010...01〉, that have a particle on both edge sites. In
this case, the occupation probability at the edge can be ob-
tained by the ratio between the states that have one occu-
pied site at the corresponding edge (site 1 or M) D(M-2,N-
1), over the total number of microstates D(N,M), giving the
edge density nedge =
D(M−2,N−1)
D(N,M) . Using Eq. (2) we find
that nedge =
N
1+M−N =
1
1
N
+ 1−f
f
which becomes a fraction
nedge =
f
1−f in the thermodynamic limit N → ∞. This re-
sult agrees well with the edge density shown in Fig. 3(b), even
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Figure 3. a)The entanglement entropy for a partition A of the full
system, at different fillings f vesrus the number of particles N. For
half-filling f = 1
2
the entropy converges at ln 2 as two spins in a sin-
glet maximally entangled Bell state. For lower fillings the entropy
diverges logarithmically as SA ∼ lnN , implying stronger entangle-
ment. The last two points in the curve for U > 0 for f = 1/4 are
calculated via extrapolation. The filled(open) triangles and circles,
are calculated using Eq. (3)(Eq. (7)) b) The occupation probabil-
ity ni (particle density) versus each site i in the Hubbard chain, for
N=6,8,10 and different fillings. Edge modes can be seen for f < 1/2,
with uniform bulk density ni ≈ f and edge density that is a fraction
nedge ≈
f
1−f
. The edge modes are not affected by N.
for the relatively small number of particles shown (N=6,8,10).
We note that the dip of ni near the edge sites is due to the re-
pulsive interaction U which reduces the probability to find a
particle on the neighboring site to the edge, if the edge site is
already occupied.
The edge modes could be considered as excitations of the
particle density which remains uniform at the bulk of the Hub-
bard chain. Each edge is contained in one of the partitions A
or B which are quantum mechanically correlated/entangled,
as we have shown. Therefore, we can assume that the edge
modes at the opposite ends of the system are entangled with
each other.
If we combine the edge modes with the results obtained in
the previous section, namely the ground state degeneracy and
the variable entanglement, it is tempting to assume that our
system contains topological order. However further analysis is
needed, through the calculation of topological non-local mea-
sures like the string-order parameter for example11,12,21.
V. ATTRACTIVE INTERACTIONS
We briefly analyze the case of negative U, that is, for at-
tractive interactions between the particles. In this case the
ground state is obtained by stacking all the particles together
at neighboring sites, which minimizes their energy at E =
−U(N − 1). These states are separated by a large gap U from
the first excited states. An example of the microstates can be
seen in Fig. 1(c). The degeneracy of these ground states is
preserved for both first and nearest neighbor hopping as can
be seen in Fig. 2, unlike the repulsive interaction case. For the
half-filled case the entanglement entropy in Fig. 3 follows the
limit where the number of the different particle configurations
in subsystems A and B is equal to the corresponding number
of microstates. At this limit the reduced density matrix ρA
is diagonal, resulting in maximum entropy SA = ln(N + 1)
which is the corresponding dashed curve in Fig. 3(a). For
lower fillings the entropy is reduced but still diverges loga-
rithmically.
VI. SUMMARY AND CONCLUSIONS
To summarize, we have investigated the self-organization
of strongly interacting spinless particles confined in one-
dimension. The spatial freedom of the particles allows them to
organize in various spatial configurations (Fock states), corre-
sponding to different energy bands, that are separated by large
gaps. These states can be realized in spinless Hubbard chains
of hardcore bosons, which have gapped energy spectrum with
a highly degenerate ground state.
By considering a superposition of the many-body Fock
states for the lowest energy of the system (ground state), we
have calculated the resulting quantum correlations. We have
done that by splitting the system in two partitions and then cal-
culating the scaling of the entanglement entropy of each parti-
tion with the system size. We have shown that the strength of
the entanglement depends on the spatial freedom of the par-
ticles, which is determined by the system filling. For a half-
filled system, the entanglement resembles that of two spins in
a singlet maximally entangled Bell state. At low fillings the
entanglement becomes stronger as indicated by the logarith-
mic scaling of the entanglement entropy of each partition. In
addition we found that confining the system by using open
boundary conditions, leads to edge modes at the ends of the
system at low fillings. These edge modes can be correlated
with each other, due to the strong long-range entanglement
appearing at the respective fillings.
Our results show that 1D Hubbard models of spinless hard-
core bosons, at the strong interaction limit or the charge den-
sity wave limit can have spectrally isolated ground states with
entanglement determined by their filling, despite the strong lo-
calization of the particles. These orders are created due to the
7spatial freedom of the particles which result in formation of
many-body states with rich micro-structures. Essentially this
mechanism could be used as a way to tune the entanglement
in this type of systems, by controlling the empty space in the
system, without the application of external fields.
A natural extension of the current analysis would be to in-
vestigate the many-body orders and the entanglement in the
different excited states that are separated by energy gaps,
which contain many-body states with richer structures. In ad-
dition it would be interesting to examine the relevant many-
body orders in systems of higher dimension.
As a final note, we would like to remark that our results
contribute to the idea, that entangled states with non-trivial
features, can be created via the collective behaviors in many-
body systems with relatively simple microscopic rules. Such
well known examples are for instance, the Haldane phase
of integer spin chains8,9, the Majorana modes in the Kitaev
chain10 and the topological order in the toric code19. Apart
from its fundamental significance, this approachmight be use-
ful in the on-going research on the experimental realization of
different topological phases in cold-atomic and photonic sys-
tems.
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